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1 Introduction
$\mathcal{H}_{\mathbb{R}}$ separable real Hilbert space, $N\equiv\dim \mathcal{H}_{\mathbb{R}},$ $[N]\equiv\{1,2, \cdots, N\}$ $\{1, 2, \cdots\}$
$\mathcal{H}$ . $\mathcal{F}(\mathcal{H})\equiv \mathbb{C}\Phi\oplus\oplus_{n=1}^{\infty}\mathcal{H}^{\otimes n}$ full Fock space $\{e_{i} : i\in[N]\}$
$?t_{\mathbb{R}}$ CONS . $f\in \mathcal{H}_{\mathbb{R}}$ $a^{*}(f)\in B(\mathcal{F}(\mathcal{H}))$ creation operator,
$a^{*}(f)e_{i_{1}}\otimes e_{i_{2}}\otimes\cdots\otimes e\text{ }\equiv f\otimes e_{i_{1}}\otimes e_{i_{2}}\otimes\cdots\otimes e_{i_{n}}(n\geq 0, ij\in[N](1\leq j\leq n))$
$a(f)\equiv a^{*}(f)^{*}$ & ann ation operator ,
$a(f)e_{i_{1}}\otimes e_{i_{2}}\otimes\cdots\otimes e_{i_{n}}$ $=$ $<f,$ $e_{i_{1}}>e_{i_{2}}\otimes\cdots\otimes e_{i_{n}}(n\geq 1, ij\in[N](1\leq j\leq n))$
$a(f)\Phi$ $=$ $0$
$<.,$ $\cdot>$ $\mathcal{F}(\mathcal{H})$ . $s(f)\equiv a^{*}(f)+a(f)$ ,
$\mathcal{M}\equiv \mathcal{M}(\mathcal{H}_{\mathbb{R}})\equiv\{s(f) : f\in \mathcal{H}_{\mathbb{R}}\}’’$ $A\equiv C^{*}(\{1\}\cup\{s(f) : f\in \mathcal{H}_{\mathbb{R}}\})$ .
$\Phi$ $\mathcal{M}$
. cyclic separating vector , $\tau(\cdot)\equiv\langle\cdot\Phi, \Phi\rangle$
$\tau$
$\mathcal{M}$ tracial . $\mathcal{F}(\mathcal{H})$ $\mathcal{M}$ standard
representation , $\eta$ : $\mathcal{M}\ni x\mapsto*x\Phi\in \mathcal{F}(\mathcal{H})$ , $L_{2}(\mathcal{M}, \tau)$ F(H). $\eta$
.
$s(f)(\forall f\in \mathcal{H}_{\mathbb{R}})$ $\tau$ semicircular element $\eta(s(f))=f(f\in \mathcal{H}_{\mathbb{R}})$
, $s(f)(f\in \mathcal{H}_{\mathbb{R}})$ $L_{2}(\mathcal{M}, \tau)$ $L_{2}$ $C^{*}$
. $\mathcal{M}=\{s(e_{i}) : i\in[N]\}’’,$ $A=C^{*}(\{1\}\cup\{s(e_{i}) : i\in[N]\})$
. $\{s(e_{i}) : i\in[N]\}$ $\tau$ semicircular system
free relation(in the sense of free probability) standard semicircular element
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. $( \mathcal{M}, \tau)\cong\star_{N}(L^{\infty}([-2,2], \mu_{s}), \int\cdot d\mu_{s})\cong(\mathcal{L}(\mathrm{F}_{N}), <.\delta_{e}, \delta_{e}>)$
$(A, \tau)\cong\star N(C^{*}([-2,2]), \int\cdot d\mu_{s})$ . $\mu_{s}$ standard semicircular distribution
$\mathcal{L}(\mathrm{F}_{N})$ generator $N$ free group factor . $A$ [3] free product
C’-algebra simplicity simple . $P\equiv$
$\mathrm{A}(\{1\} \mathrm{U}\{s(e:) : i\in[N]\})$ , faithful state free product free
product , $P\cong \mathbb{C}\langle X: : i\in[N]\rangle$ . $\mathbb{C}\langle X: : i\in[N]\rangle$ $N$
.
2 $L_{2}(\mathcal{M}, \tau)$
$L_{2}(\mathcal{M}, \tau)$ Fourier . $S:\equiv s(e:)(i\in[N])$ .
Deflnition 2.1 $T_{n}(X)$ n $(n\geq 0)$ 2 Chebyshev $(T_{0}(X)=1, T_{1}(X)=X$
$T_{n+1}(X)\equiv XT_{n}(X)-T_{n-1}(X)$ ) ,
$(n\geq 0, i_{j}\in[N](1\leq j\leq n), m_{j}\geq 0(1\leq j\leq n))$
$\{T_{\dot{l}_{1}}:_{2}\ldots:_{\hslash} : n\geq 0,i_{j}\in[N](1\leq j\leq n)\}$ { $s:_{1}s_{i_{2}}\cdots s_{1_{\hslash}}$. : $n\geq 0,$ $i_{j}\in[N](1\leq$
$j\leq n)\}$ $P$ linear basis , \eta (Tl.l:2...:n)=e:l\otimes e $\otimes\cdots\otimes e_{\dot{\iota}_{n}}(n\geq$
$1,$ $i_{j}\in[N](1\leq j\leq n))$ $\eta(T\mathrm{o})=\Phi$ { $T_{112}.:\cdots i_{n}$ :
$n\geq 0,$ $i_{j}\in[N](1\leq j\leq n)\}$ $L_{2}(\mathcal{M},\tau)$ CONS . $L_{2}(\mathcal{M}, \tau)\ni f$
$f= \sum_{\ovalbox{\tt\small REJECT} \text{ }\mathrm{f}\mathrm{f}_{l}\mathrm{S}\backslash }n.\geq 0,|..\in[N](,1\leq j\leq n)f\ldots T_{i_{1|2|_{\hslash}}}\cdot\ldots\cdot \text{ }1\mathrm{a}|\mathrm{g}f=\sum_{\mathrm{a}\mathrm{n}\mathrm{a}1|_{}^{}r^{n}\text{ }}n\infty(4\mathrm{f}\mathrm{f}\mathrm{i}_{}\text{ }\}\mathrm{J}\mathrm{w}^{i_{1}}\mathrm{i}_{\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}- \mathrm{I}\mathrm{t}\mathrm{o}\mathrm{f}\mathrm{f}\Phi \text{ }\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}}^{2\dot{l}_{\hslash}}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{b}\mathrm{i}1\mathrm{i}\mathrm{t}\mathrm{y}\mathrm{o}\mathrm{g}A\text{ }1\mathrm{a}\text{ })._{}^{}_{arrow}^{*}=0^{f_{n}(f_{n}\in P)\text{ }\mathrm{F}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{i}\mathrm{r}\text{ }}f\mathrm{e}_{}$
$P_{n}$ $\{T_{\dot{\iota}_{1}}:_{2\dot{l}n,)}\ldots : i_{j}\in[N](1\leq j\leq n)\}$ projection .
$T_{\mathbb{R}}$ : $\mathcal{H}_{\mathrm{R},1}arrow \mathcal{H}_{\mathrm{R},2}$ contraction , $T$ : $\mathcal{H}_{1}arrow \mathcal{H}_{2}$ , $\mathcal{F}(T_{\mathbb{R}})$ :
$\mathcal{F}(\mathcal{H}_{1})arrow \mathcal{F}(\mathcal{H}_{2})$ ,
$\mathcal{F}(T_{\mathrm{R}})e_{11}.\otimes e_{\dot{|}2}\otimes\cdots\otimes e$ : $\equiv Te:_{1}\otimes Te:_{2}\otimes\cdots\otimes Te:_{n}(n\geq 1, i_{j}\in[N](1\leq j\leq n))$
$\mathcal{F}(T_{\mathbb{R}})\Phi$ $\equiv$ $\Phi$
$\mathcal{F}(T_{\mathrm{R}})$ contraction . $\Gamma(T_{\mathrm{R}})$ : $\Gamma(\mathcal{H}_{\mathbb{R},1})\equiv \mathcal{M}(\mathcal{H}_{\mathbb{R},1})arrow$
$\Gamma(\mathcal{H}_{\mathrm{R},2})\equiv \mathcal{M}(\mathcal{H}_{\mathrm{R},2})$ ,
$\Gamma(T_{\mathrm{R}})x\equiv \mathcal{F}(T_{\mathrm{R}})x\mathcal{F}(T_{\mathbb{R}})^{*}(x\in\Gamma(\mathcal{H}_{\mathrm{R},1})))$
$\tau$ preserving normal complete positive map ([6]).
$\Gamma$ (real Hilbert space, contraction) (free group factor, $\tau$ preserving
normal complete positive map) functor . Voiculescu free
$\Gamma$ functor . $T_{\mathrm{R},\dot{\iota}}$ $T_{\mathbb{R}}$ r(TR, $\Gamma(T_{\mathbb{R}})$
$\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}-\sigma$ weak . $\Gamma(\exp^{-t}1)(t\geq 0)$ $\mathcal{M}$ $\tau$ preserving normal
complete positive se group ( Ornstein-Uhlenbeck se group free
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Laplacian . Sobolev ([1]) .




$*$-derivation $\delta$ dom $\delta=P$ . UHF
dense inductive limit derivation normal derivation
. full Fock space antisymmetric Fock space
$C^{*}$ $2^{\infty}$ UHF
derivation normal derivation free analog .
$\mathrm{A}\mathrm{F}$ normal *-derivation approximate inner *-derivation
([5]), approximate inner *-derivation closable closure generator ,
one-parameter action approximate inner automorphisim
([5]). $P$ derivation approximate innerness
, $*$-derivation pre-generator
.
$P$ $A$ : $\{s_{i} : i\in[N]\}arrow \mathcal{M}$ $A$
derivation $\delta_{A}s.t$ . $\delta_{A}(s_{i})=A(s_{i})(i\in[N])$ ] .
$\delta_{A}$
$*$ -derivation $A$ : $\{s_{i} : i\in[N]\}arrow \mathcal{M}^{sa}$
. $\mathcal{M}^{sa}$ selfadjoint . $A$ Fourier
$A(e_{i})= \sum_{n\geq 0,j_{k}\in[N](1\leq k\leq n)}a_{ij_{1}j_{2}\cdots j_{n}}T_{j_{1}j_{2}\cdots j_{n}}(i\in[N])$ . $\text{ }$
$\{a_{ij_{1}j_{2}\cdots j_{n}} : i\in[N], n\geq 0,j_{k}\in[N](1\leq k\leq n)\}$
$\delta_{A}$
pre-generator .
Remark 3.1 Fact 2.2 , $L_{2}( \mathcal{M}, \tau)\ni f=\sum_{n\geq 0,i_{j}\in[N](1<j\leq n)}f_{i_{1}i_{2}\cdots i_{n}}T_{i_{1}i_{2}\cdots i_{n}}$
$\exists t\sum_{n>0,i_{j}\in[N](1<j<n)}e^{nt}|f_{i_{1}i_{2}\cdots i_{n}}|^{2}<\infty$ $f\in A$ \hslash { . Fourier
. $\text{ }$ $\underline{(\text{ }(\not\subset I)}$
1. $\forall i\exists t_{i}\sum_{n\geq 0,j_{k}\in[N](1\leq k\leq n)}e^{nt}$:|aijlj2...jJ2<o
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2. a $1\mathrm{j}_{2}\cdot$ . $j_{7}\ovalbox{\tt\small REJECT}$ a $njn$ $***j,$ $(i\in[N],$ $n\ovalbox{\tt\small REJECT} 0,$ $j_{k}\mathrm{C}[N](1\ovalbox{\tt\small REJECT} k\ovalbox{\tt\small REJECT} n))$
$\delta_{A}$ $\mathcal{M}$ $A$ *-derivation .
Proposition 3.2 $\delta_{A}$ $I$ $*_{-de\dot{n}vation}$ . ( $II$)
$\underline{a_{|1|2\dot{\iota}_{n}}..\ldots+a_{\dot{l}_{2}\dot{\iota}s\cdots i_{n^{1}1}}\cdot+a_{\dot{\iota}si_{41^{1}2}}\ldots|..+\cdots+a_{i_{n^{1}1}\cdots i_{n-1}}.=0(n\geq 0,i_{j}\in[N](1\leq j\leq n))}$
$\tau(\delta_{A}(x))=0(\forall x\in \mathrm{d}\mathrm{o}\mathrm{m}\delta_{A})$ .
$C^{*}$ $W^{*}$ $\ovalbox{\tt\small REJECT} \mathrm{d}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{v}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ faithful state preserve clos-
able $\sigma$-weak closable ([5]) Proposition
$\delta_{A}$ closable . Proposition Lemma .














pair partition(2 ) pair
pair .
Lemma 3.3 $\tau(T_{11}.i_{2}\cdots:_{l}\cdot T_{j_{1}j_{2}\cdots jm}\cdots T_{k_{1}k_{2}\cdots k_{n}})$ pair panition
.
proof of Pmposition 32 $[N]$ free monoid $[N]^{*}$ ,
$[N]^{*}$ . $i_{1}i_{2}\cdots i_{l},j_{1}j_{2}\cdots j_{m}\in[N]$ ’ $n\leq l$
, $i_{n}i_{n+1}\cdots i_{l}i_{1}\cdots i_{n-1}=j_{1}j_{2}\cdots j_{m}$ .
$\omega ng([N]^{*})$ . $[i_{1}i_{2}\cdots i_{n}]\in cong([N]^{*})$
$a[:_{1}:_{2}\cdots i_{n}]=a:_{1^{1}}.2\ldots:n+a:_{2}:_{3}\cdots:_{n}i_{1}+a:_{3}:_{4}\cdots:_{1}i_{2}+\cdots$ +a:n:l...i -l . Lemma 33
, I $f\in P$ ,
$\tau(\delta_{A}(f))=\sum_{w\in\omega ng([N]^{*})}$ aw ,$f$
. LEem9([N] $c_{w,f}\in \mathbb{C}$ $w,$ $f$
. Proposition .
Proposition 3.4 $\delta_{A}$ $I,II$ .
l $\circ$ a \sim 2. $.j_{n}=0(n\geq 3, i\in[N],j_{k}\in[N](1\leq k\leq n))$
2. supn\geq 0,:\in [N],jk\in [N](l\leq k\leq n)|a|.jlj2...j $<\infty$
3. $\sum_{n\geq 0,j_{k}\in[N](1\leq k\leq n)}$ sign(|a $1j_{2}\cdots j_{n}|$ ) $i$ 1 .
$\delta_{A}$ pre-generator . $N<\infty$ 1.
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$\mathcal{P}$ analytic element(in the sense of Yoshida-Hill semigroup)
.
Example 3.5 $\dim \mathcal{H}_{\mathrm{R}}=3$ $A(e_{1})=-2e_{2}\otimes e_{3}-2e_{3}\otimes e_{2},$ $A(e_{2})=e_{3}\otimes e_{1}+e_{1}\otimes e_{3}$,
$A(e_{3})=e_{1}\otimes e_{2}+e_{2}\otimes e_{1}$ $\delta_{A}$ closable $*_{-de\dot{n}vation}$ pre-generator. Faithful state
$\tau$ poeserve ’-derivahon $L_{2}(\mathcal{M}, \tau)$
([5]). $L_{2}(\mathcal{M}, \tau)$ non-inner
.
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